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Local Behavior of Autonomous Neutral  Functional D i f f e r e n t i a l  Equations 
by 
Jack K. Hale 
A n e u t r a l  func t iona l  d i f f e r e n t i a l  equation i s  a model f o r  an 
heredi ta ry  system which depends upon t h e  present  and past  values of t h e  
s t a t e  and t h e  der iva t ive  of t h e  s t a t e  of t h e  system as a funct ion of time. 
I n  t h i s  general i ty ,  it does not seem possible  to develop a general  qua l i ta -  
t i v e  theory. I n  t h e  pas t  few years,  my colleagues and I have introduced 
a spec ia l  c l a s s  of t hese  systems which i s  simple enough to have many in-  
1 
t e r e s t i n g  mathematical p rope r t i e s  and ye t  s u f f i c i e n t l y  general  to include 
retarded func t iona l  d i f f e r e n t i a l  equations, difference equations and severa l  
important appl icat ions.  Considered separately,  many of t he  r e s u l t s  which 
. -  
have been obtaine? appear a t  f i r s t  glance t o  be special .  I n  t h i s  paper, 
we formulate some bas i c  problem for  a more r e s t r i c t e d  c l a s s  of neu t r a l  
func t iona l  d i f f e r e n t i a l  equations i n  an abs t r ac t  manner and .then ind ica t e  
t h e  manner i n  which t h e  alluded to spec ia l  r e s u l t s  contribut; to a general  
q u a l i t a t i v e  theory i n  t h e  neighborhood of a n  equilibrium point.  
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Suppose r - > 0 i s  a given r e a l  number, En i s  an n-dimension 
n l i n e a r  vec tor  space with norm I - 1  and C = C([-r,O],E ) i s  t h e  space 
of continuous funct ions mapping t h e  i n t e r v a l  [ - r ,O]  i n t o  En with 191 = 
SUP Icp(e)l f o r  cp E C. Let B(C,En)  be t h e  space of bounded l i n e a r  
operators  with 
-r< €KO - -  
IIBll = inf[k: I EEpl ,< klcpl ] f o r  any B E B ( C , E n ) .  Let 
9 C g( C, En) be defined by 
p an n X n matrix funct ion of bounded va r i a t ion  and 
nonatomic at zero] 
where we say an n X n matrix func t ion  IJ. of bounded va r i a t ion  on [-r ,O] 
i s  nonatomic at  zero i f  t h e r e  i s  a continuous nonnegative s c a l a r  func t ion  
y(s), s 2 C, do) = o such t h a t  [ap(e) i~p(e) l  5 u(s)lvI f o r  a l l  s - > 0, 
cp E C. Let be t h e  c losure  of an open bounded subset il of C, 
0 
- S  
*= If: !2 +En, f,f' continuous and bounded i n  z] 
and l e t  I I f l l  = sup {lf(cp)l + I I f t ( c p ) l l ]  f o r  f E 9. If A - > O  and 
cp €E 
n n x: [a-r,u+A] + E  , t h e n  for  any t E [a,a+A] we l e t  xt: [ - r ,O] + E  
be defined by xt(@) = x(t+B), -r < 6 < 0. - -  
For any p a i r  ( G , f )  E 9 X 9, we define a neu t r a l  func t iona l  
d i f f e r e n t i a l  equation and designate  it as NFDE( G, f )  by a r e l a t i o n  
For any g, i n  E, a so lu t ion  x(q) of (1) through cp i s  a continuous 
funct ion x: [-r ,A) -j E f o r  some A > 0 such t h a t  xt(T) E Q, t E [O,A), n 
G(xt) i s  continuously d i f f e r e n t i a b l e  on (0,A) and s a t i s f i e s  (1) on 
(0,A). For t h e  purpose of t h i s  paper, we assume t h a t  a11 so lu t ions  remain 
i n  E f o r  a l l  t - > 0 f o r  each NFDE(G,f)  i n  9 x z .  O f  course, t h i s  
implies t h a t  i n  our d e f i n i t i o n  of 9 and 9 we h%ve i m p l i c i t l y  put  
l imi t a t ions  which w i l l  ensure t h i s  l a t t e r  property. 
For any given NFDE(G,f) and a so lu t ion  x(cp,G,f) through cp, 
we can def ine  a mapping 
f o r  t > 0. 
arguments used i n  [ 1,2] : 
The following proper t ies  a r e  consequences of t h e  sane type of - 
* 
T ( t ) r p  i s  continuously d i f f e r e n t i a b l e  i n  (G,f,t,cp) E: 
G, f 
(3) 
9 x 9 x  [Op) x n. 
3 
I n  pa r t i cu la r ,  T i s  a dynamical system. 
G, f 
By a l i n e a r  n e u t r a l  func t iona l  d i f f e r e n t i a l  equation, we mean a 
NFDE(G,L) with (G,L) E 9 x B(C,En) .  I n  t h i s  case, t h e  family of opera- 
t o r s  ET, L( t) ] 
on C. 
form a s t rongly  continuous semigroup of l i n e a r  operators  
O u r  fundamental goal  i s  t o  obtain as much information as pos- 
s i b l e  about t h e  p rope r t i e s  of so lu t ions  of a NFDE(G,f) 
i n  what sense these  proper t ies  a r e  in sens i t i ve  t o  s m a l l  changes i n  
and t o  discover 
( G , f )  
i n  t h e  topology of 9 x 9. 
t i v e  theory i n  t h e  s p i r i t  of t h e  recent  generic theory f o r  ordinary d i f -  
One can hope t o  eventual ly  develop a qua l i t a -  
f e r e n t i a l  equations. Unfortunately, a t  t h e  present  time we must limit our 
considerat ions t o  %he neighborhood of an equilibrium point. Even f o r  t h i s  
theory, more r e s t r i c t i o n s  a r e  imposed on the  equation. We ind icc t e  below 
t h e  nature of t h e  theory and point  out occasional ly  t h e  implicat ions of t h e  
hypotheses f o r  some nonlocal problems i n  NFDE's. 
Before embarking on de ta i l s ,  it i s  worthwhile t o  mention t h a t  
t he re  i s  nothing magic about t h e  space C a s  t h e  underlying space f o r  t h e  
d e f i n i t i o n  of a NFDE. 
l eg i t imate  and, i n  fac t ,  as t h e  g loba l  theory evolves, it c e r t a i n l y  w i l l  
be advantageous t o  have a norm which i s  d i f f e ren t i ab le .  
Any of t h e  Sobolev spaces .W (k) are-  p e r f e c t l y  
P 
For any G E 9, l e t  
a = in f (a :  t h e r e  i s  a constant K = K ( a )  with t h e  so lu t ion  (6) G 
operat or Tg of G(xt) = 0 s a t i s f y i n g  IITE(t)II - < Keata t - > 0) 
4 
t h a t  is, a 
on t h e  Banach space {Cp E C: G ( 0 )  = 01. Following [ 3 ] ,  t h e  operator G 
i s  t h e  type of t h e  semigroup of l i n e a r  operators T E ( t )  a c t i n g  
G 
i s  sa id  t o  be s table  i f  a < 0. 
G .  -- 
I n  terms of a a fundamental property which i s  a consequence 
G9 
of t h e  proof i n  [12] i s  t h a t ,  f o r  any ( G , f )  E 9 X 9, t he re  i s  a continuous 
l i n e a r  operator $: C - + C  such tha . t  
(7) 
where T;(t) 
TG, ,(t) i s  comple: e1y continuous f o r  t - > r. - I n  pa r t i cu la r ,  i f  G i s  
s table ,  then f o r  any a , % < -a < 0, t h e r e  i s  a constant 
t h a t  
i s  t h e  semigroup of  operators given i n  t h e  d e f i n i t i o n  (6) and 
1 
K = K(a) su.ch 
Consequently, TG, f (  t) i s  a contract ion operator p lus  a completely continuous 
operator f o r  t s u f f i c i e n t l y  l a rge  and, i n  pa r t i cu la r ,  has t h e  f ixed  point  
property. Also, t h e  r ep resen ta t ion  ( 7 )  and r e l a t i o n  (8) show t h a t  T G , f ( t )  
has a smoothing property i n  t h e  sense t h a t  -the image of a bounded set under 
T (t) g e t s  c lose r  and c lose r  to a. compact s e t  as  t ge t s  large.  This  
GI f 
property has r e c e n t l y  been exploited i n  a global  theory of d i s s i p a t i v e  
processes ( s e e  [ 41). 
Another basic implicat ion of t h e  hypothesis t h a t  G i s  stable 
i s  t h a t  t h e  union of o r b i t s  with i n i t i a l  values i n  a compact s e t  being 
5 
bounded implies t h i s  union i s  precompact. See t h e  above mentioned paper 
[4] f o r  an appl ica t ion  t o  d i s s i p a t i v e  processes and see [ 3 ]  f o r  a r a the r  
complete theory of s t a b i l i t y  using Liapunov functionals.  
If (G,L) E 3 X B(C,En) ,  then t h e  c h a r a c t e r i s t i c  values of 
NFDE(G,L) a r e  defined t o  be t h e  roots  X of t h e  c h a r a c t e r i s t i c  eqmt ion  
(9) A* 
def 
de t  n(X,G,L) = det[XG(eXoI) - L(e I)]. = 0. 
It i s  shown i n  [5] t h a t  t he re  a r e  only a f i n i t e  number of roo t s  of ( 9 )  
w i t h  r e a l  p a r t s  > a i f  a > a If a > aG and A(a,G,L) = 
(A: d e t  @(X,G,L) = 0, Re X - > a], then it i s  a cons>quence of [ 6 ]  t h a t  t h e r e  
a r e  only a f i n i t e  number of so lu t ions  of NFDE(G,L) of t h e  form p ( t ) e  , 
h, E n(a,G,L), p ( t )  a polynomial. Furthermore, t h e  i n i t i a l  values of 
these  so lu t ions  form a f i n i t e  dimensional subspace of C which i s  inva r i an t  
under TG, L( t) 
an t  under T 
by ?r(G,L,a) and ?r (G,L,a) = I-?r(G,L,a), then it i s  shown i n  [5] t h a t  
- G' 
X t  
and the re  i s  a complementary subspace of C a l s o  inva r i -  
If we designate  t h e  corresponding pro jec t ion  operators  
def  
GJt )*  
I 
' there  i s  a constant K = K(a,G,L) such t h a t  . .  
Furthermore, T (t)?r(  G,L,a) i s  equivalent t o  a l i n e a r  or6 i ra ry  d i f -  
G, L 
f e r e n t i a 1  equation with constant  coe f f i c i en t s  with t h e  s-pectrum of t h e  
coe f f i c i en t  matrix being n(a,G,L). We s h a l l  r e f e r  t o  r(G,L,a), 
d(G,L,a)  as t h e  pro jec t ions  associated with the  decompo'sition of C 
6 
by n(a,G,L) 
The est imate  (10) was obtained using r a t h e r  complicated argu- 
ments i n  Laplace transforms. Using t h e  representa t ion  (7) fo r  TG, L( t) , 
one can a l s o  obtain t h i s  es t imate  from some general  r e s u l t s  i n  func t iona l  
ana lys i s  dea l ing  with completely continuous per turbat ions of bounded opera- 
tors.  
1) The ideas  lead t o  an extension of Floquet theory f o r  per iodic  systems 
which w i l l  not be exploi ted here; 2) Later  remarks w i l l  i nd ica t e  t h e  
need f o r  a more de ta i led  func t iona l  ana ly t i c  inves t iga t ion  of completely 
continuous per turbat ions of bounded operators. 
It i s  i n s t r u c t i v e  t o  inves t iga t e  t h i s  approach fo r  two reasons: 
Suppose A i s  a bounded l i n e a r  operator and B i s  a completely 
continuous l i n e a r  operator mapping some Banach space X i n t o  i t s e l f .  
A complex number h i s  ca l l ed  a normal eigenvalue of A i f  i t s  generalized 
where Y i s  a l s o  h i s  f i n i t e  dimensional and X = eigenspace xh xh, @ Yh. 
invar ian t  under A. A poin t  X i s  ca l led  a normal point  of A i f  X 
i s  e i t h e r  i n  t h e  reso lvent  s e t  of A or  X i s  a normal eigenvalue. L e t  
p(A) be t h e  s e t  of normal po in t s  of A. If C i s  any connected component 
of ;(A) a n d .  C contains  a t  l e a s t  one point  of t h e  resolvent s e t  of A+B, 
then  C i s  a connected component of Z(A+S) ( s ee  [7, p. 221). To apply 
t h i s  t o  our problem, note t h a t  t h e  s p e c t r a l  rad ius  of To( r )  i s  exp(raG) 
and, therefore ,  exp hr i s  i n  ;(T;(r)) for any X with Re h > a > aG. 
Since T G,L(t) 
X with Re h > a1 such t h a t  exp As i s  i n  t h e  resolvent s e t  of T 
Iv 
G 
- 1  
i s  a s t rong ly  continuous semigroup, t he re  i s  c e r t a i n l y  a 
- 
7 
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Since T GyL(r) i s  completely continuous, any A. with Re X - > a1 i s  i n  
I ry p(TGYL(r) ) .  Consequently, t he  spec t r a l  rad ius  of T (.)a ($L,al) i s  
GYL 
- < exp alr and estimate (10) follows by a standard procedure. 
From the  preceding remarks, it looks a s  i f  we should give up 
Laplace transforms and use only func t iona l  analysis.  
t h a t  we wish t o  study proper t ies  of t he  equations which a re  in sens i t i ve  
However, r e c a l l  
t o  small changes i n  G,L. 
For any fixed a > a, t h e r e  i s  a neighborhood U of (G,L) i n  
I n  pa r t i cu l s r ,  we need t h e  following r e su l t :  
G., L 
9 x L8(C,En) and a pos i t i ve  nmber  K = K(a,UGYL) such t h a t  
- -  I - -  at  
!IT- -(t)'rr (G,L,a)II - < Ke , t 2 0, f o r  a l l  (G,L) E UClL. 
GY L 
The func t iona l  ana ly t i c  approach does not seem t o  su f f i ce  f o r  
such general  estimates and one must get more involved with the  detai ls  
of t h e  spectrum of each operator. 
w 
Estimate (11) could be obtained as a 
consequence of t h e  method of i n t e g r a l  manifolds t o  be mentioned l a t e r ,  but  
we prefer  t o  proceed i n  a more de t a i l ed  manner t o  o b t a h  some results of 
independent i n t e re s t .  These proposit ions a re  s ta ted  a s  l e m k s  with ' only 
b r i e f  ind ica t ions  of t h e  proofs. 
Lemma 1. For any & >O, there  e x i s t s  an open neighborhood UG(&) i n  
9 such t h a t  aE < a fo r  every G E UG(E)* Furthermore, fo r  any 
a > a +&, t he re  i s  a constant 
- 
G 
K = K(a,UG(&),&) such t h a t  G 
8 
- 
for  every G E UG(&) . 
Proof:: To f ind a we must es t imate  t h e  so lu t ions  of E(xt) = 0 f o r  
t - > 0. Writing t h i s  as G(xt) = (G-E)(xt) and using the  sane type of 
argument as used i n  t h e  proof of Lema 304 of [ 3 ] ,  one obtains  t h e  r e su l t .  
e' 
Lemma 2. For any a > aG, t h e r e  i s  an open neighborhood U 
and a 6 = 6(a,UG) > 0 such t h a t  l d e t  z ( e  I)\ - > 6 on Re h = a f o r  a l l  
of G i n  9 G 
h' 
- 
G E UG* 
Proof: Choose & > 0 such t h a t  a +& < a and a neighborhood UG(e) as 
i n  Lemma 1. 
G 
Then Lemma 3.4 of [ 5 ]  implies  t h a t  a l l  roots  of de t  a e  h' I) = 0 
a r e  t o  t h e  l e f t  of  t h e  l i n e  Re h = a, < a+& 
such t h z t  I det  
If  no neighborhood and 
and t h e r e  i s  a 
on Re h = a for  each E E U (e) e 
S(a,Z) > 0 
G 
( ehoI) l  > 6( a,E) G 
exists as s t a t e d  i n  t h e  lenuna, then t h e r e  are 
- 
6 
K such t h a t  
as i n  t h e  proof of Lemma 3.4 of [ 5 ]  using t h e  appropriate  genera l iza t ion  of 
I d e t  Gk( e I)\ 5 5/k, k = 1'2, . The proof now proceeds 
Lema 3.2 of [?lo 
Lemma 30 For any a > %, t h e r e  i s  an open neighborhood U of ( G, L) G' L - -  
i n  9 x%C,En) such t h a t  f o r  each (G,L) E U t h e  c h a r a c t e r i s t i c  equa- 
t i o n  
G, L 
- -  
det a(h.,G,L) = 0 
9 
has t h e  same f i n i t e  number of c h a r a c t e r i s t i c  roo t s  with Re h > a. Further- 
more, if a(E,L,a), 'rr (G,L,a) 
t h e  decomposition of C by n(a,G,L), then the re  i s  a constant K = K(a,UG,L) 
such t h a t  (11) holds f o r  every 
continuously d i f f e r e n t i a b l e  i n  G, L. 
- 
I-- - a r e  t h e  pro jec t ion  operators  associated with 
- -  
- -  - -  
(G,L) E U Furthermore, ?r ( G, I,, a) i s  G, L' - -  
Proof: 
as i n  t h e  proof of Lemma, 3.5 of [ 5 ] .  
t o r  i s  a consequence of t h e  general  theory i n  [6]. 
f e r e n t i a b i l i t y  of t h e  pro jec t ion  follows from t he  contour i n t e g r a l  repre- 
sen ta t ion  of t h e  pro jec t ion  ( see ,  e.g. [7, pp. 14-15]). 
estimate (U), repeat  t h e  proof of Theorem 4.1 i n  [ 5 ] .  
The remark about t h e  number of roo t s  i s  proved i n  t h e  same manner 
The exis tence of t h e  pro jec t ion  opera- 
The cont inui ty  and d i f -  
To obtain t h e  
A s  a first app l i ca t ion  of t h e  previous r e su l t s ,  l e t  us consider 
as i n  [5] t h e  saddle point  property. Suppose G i s  s tab le ,  no r o o t s  of 
t h e  c h a r a c t e r i s t i c  -equation (9) l i e  on t h e  imaginary a i s  and r(G,L,O), - -  
I 
'rr (G, L,O) a r e  t h e  pro jec t ion  operators  associated with t h e  decomposition 
of C by A(O,G,L). Since G i s  s tab le ,  t h e r e  i s  a n  a. < 0 such t h a t  
T(G,L,a) = r(G,L,O) f o r  a. < a < 0. We know t h a t  T (t)?r(G,L,O) i s  
equivalent t o  a l i n e a r  ordinary d i f f e r e n t i a l  equation whose coe f f i c i en t  
matrix has spectrum with pos i t i ve  r e a l  p a r t s  and 
K exp at for t > 0 and some K > 0, a < 0. Therefore, t h e  so lu t ions  
of t h e  NFDE(G,L) i n  C i s  similar t o  a saddle poin t  as shown i n  t h e  
accompanying f igure.  
G, L - -  
I 
llT ( t ) ? r  (G,L,O)(I - <G,L 
- 
10 
Figure 1 
of G i n  9 such t h a t  t he  sane 
uG From Lemma 3 ,  t he re  i s  a neighborhood 
behavior i s  preserved f o r  (E,L) with E E UG and ?'r(G,L,O) replaced by 
T(5, L,O). 
I n  what sense i s  t h i s  q u a l i t a t i v e  p ic ture  preserved f o r  (z,f) 
i n  a neighborhood of (G,L)? We say t h e  saddle point  property of (G, L) 
i s  preserved i f  (G,L) i s  as described above and the re  a r e  an open neigh- 
borhood U of (G,L) i n  9 x 9  and a neighborhood W o f '  cp = 0 - - -  
GI L 
such t h a t  t h e  following p rope r t i e s  holdr 
(i) I n  W, t h e r e  i s  a unique equilibrium point e(E,f) which 
i s  continuously d i f f e r e n t i a b l e  i n  @,f) f o r  each (??,f) E U 
G, L' 
(ii) The s t a b l e  and unstable manifolds of e(?$?) i n  W a r e  
continuously d i f f e r e n t i a b l e  i n  (z,f) E U and are diffeomorphic t o  
those of (G,L) i n  W. 
G,L 
(iii) Any so lu t ion  of t h e  NFI)E(??,f) with i n i t i a l  value i n  W 
which i s  not on t h e  stable manifold must leave W i n  a f i n i t e  time for 
each (??,f) e UG,L. 
a 
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Theorem 1. The saddle poin t  property of (G,L) i s  preserved. 
- 
Proofs Suppose G E UG, t h e  neighborhood given by Lemma 3. For any f E 
consider t h e  NFDE(z,f) wr i t t en  as 
The v a r i a t i o n  of constants  formula implies t h e  i n i t i a l  value problem f o r  
(12) i s  equivalent t o  
t 
. (1-3) 
. where X i s  t h e  n X n matrix funct ion on [ - r , O ]  with %(e> = 0 r 0 0 
f o r  ( s ee  [6, p. 131). 
I-  of T- ( t) on T(E,L,O), T (D,L,O) given by Lemma 3, one can repeat  t h e  
proof of a similar theorem f o r  re tarded equations given i n  [a] (see,  a l s o  
-1: < e <-o,  ~ ~ ( 0 )  = I With t h e  known est imates  
I 
D,L 
C91) 
I n  general, t h e  so lu t ion  operator  TG,f( t )  of a NFDE(D,f) 
need not be one-to-one. On t h e  other  hand, i f  t h e  funct ion p of  bounded 
va r i a t ion  used i n  t h e  d e f i n i t i o n  of G has a jump a t  -r given by a non- 
s ingular  matrix B, then it i s  shown i n  [ 2 ]  t h a t  T *(t) i s  a homeo- 
morphism. Consequently, on an open dense s e t  V i n  9 x 9 ,  one can assume 
G, I 
TG,f ( t )  i s  a homeommphism. We can t h u s  introduce on t h e  concept of 
12 
t r a j e c t o r y  equivalence of NFDE' s as i n  ordinary d i f f e r e n t i a l  equations. 
The d e t a i l s  have not been worked out, bu t  t he re  should be no e s s e n t i a l  d i f -  
f i c u l t y  i n  proving t h e  following resul t :  If (G,L) E V and (G, L) has 
t h e  saddle point  property, then the re  a r e  a neighborhood W of Q = 0 and 
a neighborhood U C V of (G,L) such t h a t  (5,f) i s  equivalent t o  (G,L) 
i n  W f o r  each (E,f) E U. 
An important subclass of NFDE's a r e  t h e  retarded func t iona l  d i f -  
f e r e n t i a l  equations; namely, those NFDE( G, f )  f o r  which G(q?) = ~ ( 0 ) .  
TG, f ( t )  I n  t h i s  case, one can s t a t e  conditions on ( G , f )  t o  ensure t h a t  
i s  one-to-one ( see  [ 2 ] ) ,  bu t  t h i s  map w i l l  never be  a homeomorphism i f  
r > 0. Therefore, even t h e  d e f i n i t i o n  of t r a j e c t o r y  equivalence seems t o  
- 
be  a challenging problerc. 
Now l e t  us turri  t o  a more d i f f i c u l t  question. Suppose we a re  
given a 
roo t s  of t h e  c h a r a c t e r i s t i c  equation ( 9 )  have zero r e a l  p a r t s  and t h e  L-e- 
NFDE( G,-f) with . G a stable ,  f{O) = 0, f = L+fl, L = f' (0), p 
- _  - 
maining roo t s  have negative r e a l  par t s .  
o$ t h e  
Knowing t h e  behavior of so lu t ions  
NFDE(G,f), -is. it p o s s i b l e ' t o  d i scuss  t h e  behavior of so lu t ions  of . 
- -  
t h e  NFDE(z,?) f o r  a l l  (G, f )  . i n  a neighborhood of (G,f)? A p a r t i a l  
answer t o  t h i s  quest ion i s  given below. 
Since G i s  s tab le ,  t h e r e  i s  a d < 0 such t h a t  no c h a r a c t e r i s t i c  
roots  of (9) l i e  i n  t h e  s t r i p  d < Re )L < 0. Choose a r e a l  number a such 
t h a t  d < a < 0. Then Lfmina, 3 implies t h e r e  a r e  a neighborhood UG of 
G i n  9, projec t ion  operators  r(E,L,a), TT (G,L,a) associated with t h e  
decomposition of C by A(a,z,L) 
- 
I- 
and a constant K = K(k,UG) such t h a t  
(11) i s  s a t i s f i e d  
of t h e  proJection 
f o r  each (E,L) E UG x (L). Fythermore, t h e  dimension 
operators  l'r(E,L,a) i s  p f o r  every G E UG. For any 
- 
A s  before, t h e  va r i a t ion  of constants formula f o r  (14) is  
Using t h i s  r e l a t i o n  an6 t h e  known est imates  on T- 
t h e  same reasoning as i n  [LO] for re tarded func t iona l  d i f f e r e n t i a l  equa- 
t i o n s  t o  obtain t h e  following r e su l t s .  
(t.), one can apply 
G, L 
Theorem 2 .  
borhood U of ( G , f )  i n  9 x 3  open neighborhocds V,W of cp = 0, 
pos i t i ve  constants  K,a and a diffeomorphism 
such t h a t  t h e  s e t  
Under t h e  above hypotheses on ( G , f ) ,  t h e r e  are an open neigh- 
G, f 
%, i;: r(Z,L,a)C n v +W 
- -  - -  
i s  a l o c a l  i n t e g r a l  manifold of t h e  NFDE(G,f) f o r  ( G , f )  E U The 
so lu t ions  of t h e  NFDE(D,f) on M- - i s  equivalent t o  an ordinary 
G,f' - -  
G, f 
1 4  
- -  
Finall-y, G, f '  d i f f e r e n t i a l  equation and h- - i s  d i f f e r e n t i a b l e  i n  (G , f )  E U 
any so lu t ion  x(cp) of t h e  NFDE(E,T) s a t i s f i e s  
G, f 
as long as xt(cp) E W, r(E,L,a)xt(T) E v.. 
Corollary 1. With h- - as i n  Theorem 2, any solu%ion x(cp) s a t i s f y i n g  
xt(g,) E W, r(Z,L,a)xt(cp) E v 
G,f 
f o r  t < o must l i e  on M- - - G, f' 
Following t h e  ideas  used i n  t h e  proof of Theorem 3.3 i n  [ll] and 
Theorems 4.3 and 7.1 of [lo] one can obtain 
- -  
Corollary 2. Suppose U i s  t h e  neighborhood of Theorem 2, ( G , f )  E U 
and the re  i s  a unique equilibrium point  ( say  g, = 0) of t h e  
G, f - -  G, f 
NFDE( G,f). 
If t h e  zero so lu t ion  of t h e  ordinary d i f f e r e n t i a l  equation on M- - i s  
G, f 
uhiformly asymptotically s t ab le  (unstable) ,  then t h e  zero so lu t ion  of t h e  
NFDE( G, f )  
- -  
i s  uniformly asymptotically s t ab le  (unstable)  . 
Corollary 3. 
('9') E 'G,f' If x(cp) 
xt(cp) E W f o r  t > 0, then  t h e  w - H m i t  s e t  of cp belongs t o  M- - and i s  
an invar ian t  set .  Furthermore, i f  t h e r e  i s  a neighborhood on &-  which 
i s  pos i t i ve ly  invar ian t  under t h e  corresponding ordinary d i f f e r e n t i a l  equ2.- 
Let UG,f,V,W be t h e  neighborhoods 'of  Theorem.2 and suppose 
i s  a so lu t ion  of t h e  NFDE(T;,'T) , with r(Z,L,a)xt(cp) E V, 
G, f - 
f 
tion,' then t h e r e  i s  a neighborhood 
of every so lu t ion  of t h e  Nn>E(c,T) 
%,To 
W' of. cp = 0 such t h a t  t h e  * l i m i t  s e t  
with i n i t i a l  value .cp E 17' belongs t o  
A s  an app l i ca t ion  of Corollary 3 t o  a b i fu rca t ion  problem, con- 
s ide r  t h e  system 
where & i s  a small r e a l  parameter and G(cp,&), f(cp,E) a r e  very smooth 
functions of c p , ~  f o r  cp E C, [el 5eo, f(o,&) = 0 0  Suppose I(,,&) i s  
t h e  de r iva t ive  of f(cp,&) w i t h  respect  t o  cp evaluated a t  rp = 0. Sup- 
pose t h e  c h a r a c t e r i s t i c  equation de t  b(X,G( -,&) ,L( ,E)) = 0 has a p a i r  
of simple roo t s  
l&l 5 &o, t h e  remaining r o o t s  have negative r e a l  p a r t s  and the re  i s  a 
6 > 0 such t h a t  a 
t h e  zero so lu t ion  of t h e  NFDE(G(‘,O),f( - , O ) )  i s  uniformly asymptotically 
s tab le ,  then Corollacy.3 and a Poincare - Bendixson argument imply the re  
v(&) - + i p (e ) ,  E V ( € )  > o f o r  e + 0,  V(D) = 0, y(&) > 0,  
I 
< -6 : 0 ,  [&I 5 & o o  If we fu r the r  assume t h a t  
G(4,e) - 
1 
i s  a$ l e a s t  one n n n t r i y i a l  per iodic  so lu t ion  of thk NFSE(G( o ,e),f( .,&>) - 
r., 
fo r  0 < &  - <el, &l s u f f i c i e n t l y  small. 
O f  course, t o  determine when t h e  zero so lu t ion  of a system with 
* roots  on t h e  iegi’nayy axis i s  uniformly asymptotically s t a b l e  is’an ex- .  
tremely d i f f i c u l t  problem even f o r  ordinary d i f f e r e n t i a l  equations, Some 
success f o r  NFDE’s has r e c e n t l y  been obtained i n  [ll] f o r  a l l  roo t s  on t h e  
imaginary axis being zero and f o r  t h e  general  case by A, Hausrath i n  a Ph.D. 
t h e s i s  at  Brown. Basic t o  t h i s  inves t iga t ion  i s  Corollary 2. This  co ro l l a ry  
buglies t h a t  it is. s u f f i c i e n t  - to  d iscuss  t h e  ordinary d i f f e r e n t i a l  eqmt fon  . 
on M - -  Therefore, one can hope t o  approximate t h e  mn’ifold I+- t o  a 
s u f f i c i e n t  accuracy so t h a t  a dec is ion  can be made. 
G, f’ GI f 
T h i s  i s  t h e  approach 
t h a t  was taken i n  t h e  above papers and t h e  f i n a l  s u f f i c i e n t  conditions a r e  
- .  
expressed i n  terms of cohputable quan t i t i e s .  
16 
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